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Clausius inequality beyond the weak-coupling limit: The quantum Brownian oscillator
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We consider a quantum linear oscillator coupled at an arbitrary strength to a bath at an arbitrary temperature.
We find an exact closed expression for the oscillator density operator. This state is noncanonical but can be
shown to be equivalent to that of an uncoupled linear oscillator at an effective temperature 7o, with an
effective mass and an effective spring constant. We derive an effective Clausius inequality 8Q= TrdS,
where 8QJ is the heat exchanged between the effective (weakly coupled) oscillator and the bath, and S
represents a thermal entropy of the effective oscillator, being identical to the von-Neumann entropy of the
coupled oscillator. Using this inequality (for a cyclic process in terms of a variation of the coupling strength)
we confirm the validity of the second law. For a fixed coupling strength this inequality can also be tested for
a process in terms of a variation of either the oscillator mass or its spring constant. Then it is never violated.

The properly defined Clausius inequality is thus more robust than assumed previously.
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I. INTRODUCTION

Thermodynamics of small quantum objects coupled to
quantum environments in the low-temperature regime has
attracted considerable interest as the need for a better theo-
retical understanding increases in response to novel experi-
mental manipulation of such systems. In particular, the finite
coupling strength between system and environment gives
rise to some quantum subtleties and so can no longer be
neglected (calling for methods addressed by “quantum ther-
modynamics” [1-3]) whereas ordinary quantum statistical
mechanics is intrinsically based on a vanishingly small cou-
pling between them.

At the heart of quantum thermodynamics, the founda-
tional question as to the validity of the second law of ther-
modynamics comes up. In fact, with its challenge the appli-
cability of thermodynamics is at stake. So far, the validity of
this basic law has extensively been examined in the scheme
of a quantum harmonic oscillator linearly coupled to an
independent-oscillator model of a heat bath (quantum
Brownian oscillator) in equilibrium at a low temperature T. It
has been argued here that there is a violation of the Clausius
inequality representing the second law [4,5] in such a way
that SQ#TdS at T— 0 with respect to a variation of a Hamil-
tonian parameter of the coupled oscillator, namely, either its
mass or spring constant. In the above relation, 6Q is the heat
and dS is the entropy change.

However, following the second law in its Kelvin-Planck
form, which states that it is impossible to devise a machine
(i.e., a heat engine) which, operating in a cycle, produces no
effect other than the extraction of heat from a thermal energy
reservoir and the performance of an equal amount of work
[6], it has been demonstrated that an apparent excess energy
in the coupled oscillator at zero temperature (7=0) is less
than the minimum value of the work (equivalent to the
Helmholtz free energy at a constant temperature) to couple
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the free oscillator to a bath so that the second law is not
violated down to zero temperature [7,8].

This result has been generalized to a cyclic process of
coupling and decoupling between the oscillator and a bath at
an arbitrary temperature by obtaining the positive valuedness
of the minimum work needed for the coupling minus the
maximum useful work obtainable from the oscillator in the
decoupling (the second law with respect to a variation of the
coupling strength) [9]. This positive valuedness is actually at
its maximum at zero temperature and asymptotically van-
ishes with increasing temperature, whereas the classical
counterpart would identically vanish at an arbitrary tempera-
ture (even for a nonvanishing coupling). It was further
claimed here that this quantum behavior is associated with
the system-bath entanglement induced by the finite coupling
strength between them (clearly, the coupled total system (i.e.,
the coupled oscillator plus bath) is in a thermal state with
(partial) entanglement whereas the decoupled total system is
simply in a separable state). It has, indeed, been found that at
zero temperature the energy fluctuation in the coupled oscil-
lator can provide entanglement information [10,11]. This
claim was supported by the numerical analysis of the system-
bath negativity as an exact entanglement measure [12] that
the negativity behavior versus temperature is in accordance
with the above quantum behavior of the second law up to the
existence of the critical temperature above which the nega-
tivity vanishes.

It has also been shown [12] that the Clausius inequality
(in terms of the equilibrium temperature of the fotal coupled
system and the von-Neumann entropy of the coupled oscil-
lator) is actually violated with respect to a variation of the
mass of the coupled oscillator (not a variation of the cou-
pling strength); the behavior of this violation versus the tem-
perature is essentially different from that of the system-bath
negativity so that it has been concluded that the system-bath
entanglement is not responsible for the violation of the Clau-
sius inequality. However, as the reduced equilibrium density
operator of the coupled oscillator is not in form of the ca-

nonical thermal state [)BOCe‘BHS, there is not a well-defined
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local temperature of the coupled oscillator (especially in the
low-temperature limit) so that applying the equilibrium tem-
perature of the tofal coupled system for the violation of the
Clausius inequality for the subsystem (actually with respect
to a variation of a local parameter of the coupled oscillator,
namely, either its mass or spring constant) is not justified.
Further, this violation was actually based on the numerical
findings [12] that the heat 6Q exchanged with a bath in a
reversible variation of the local parameter is always strictly
greater than 7dS, which, however, does not satisfy the equal-
ity condition of a well-defined Clausius inequality for the
reversible process.

On the other hand, introducing some generalized entropic
measure and using its maximum condition [13] it has been
shown that the Clausius inequality obtained in some opera-
tional form is valid under such a generalization [14]. How-
ever, this approach is not directly applicable for the quantum
Brownian oscillator since the reduced density operator of the
coupled oscillator in equilibrium [cf. Egs. (17) and (18)] is
not in form of the stationary state obtained from the maxi-
mum condition of this generalization.

In this paper we intend to resolve the above controversial
issue by introducing an effective Clausius inequality with no
violation, well defined in the scheme of quantum Brownian
oscillator. To do so, we begin with considering the reduced
density operator of the coupled oscillator.

II. REDUCED DENSITY OPERATOR OF THE COUPLED
OSCILLATOR

The quantum Brownian motion in consideration is de-
scribed by the model Hamiltonian

I:I=I:15+I:Ib+lflsb, (1)
where
A2 N 2
S 4 0 A2 2 <_L ]_‘1A2>
H=—+—-4"; = + =X,
s 2 q b E 2m 2 j

(2)

and the spring constants are ky=M wé and kj:mjwjz.. From the
hermiticity of Hamiltonian, the coupling constants c; are ob-

viously real valued. The total system is assumed to be in the

canonical thermal equilibrium state f)ﬂ=e‘ﬁH /Zg where B
=1/(kgT), and Zg is the partition function. From the
fluctuation-dissipation theorem [15,16], it is known [17] that

<c}2)ﬁ = %j‘” dw coth('gz )Im{)((w +i0%)} (3)

0

M*h h
(ﬁz)ﬁ f dow’ coth('B—w
m™ Jo

> )Im{)?(w+i0+)} 4)

in terms of the susceptibility
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1 H(w - ?)
1
F(w)=- M’N—, (5)

H(w —wk

where {@,} are the normal-mode frequencies of the total sys-
tem H. For an uncoupled oscillator, Im (w-+i0%) obviously

reduces to 33,- 5(w w,) and thus (§* )g= 211?10 cothh and
) Mhw, ﬁfi

<P >B— 2 co

a cutoff frequency w, and a damping parameter v,), which is

a prototype for physically realistic damping, we have [9]

<6?2> (d) _ MZ )\(l){ B I ',//( ﬁjﬂ)} (6)
=1 w T

(P2 = MEA“wI{ : +—¢<B h“”)} (7)

Bo, 2

in terms of the digamma function ¢(y)=d In I'(y)/dy [18],
where [ =(), W=7, W3=2y, and the coefficients

VT | k- SN C S - S
Q-2)z-0)" T (- Wz -2))°
QO+

)\23)=—Z1_ (8)

(22— V(21— 2)

Here we have adopted, in place of (wy,wy,y,), the param-
eters (wy, (), y) through the relations [7]

QQ+7y) +w
2 2 0
=wo—— =0+, Y
Wy OQ+y Wq Vs Yo=Y Q+7)?
)
and then z;=y/2+iw; and z,=7vy/2-iw; with w;

=\(wp)*~(¥/2)*.
The equilibrium density operator of the coupled oscillator
is known as [16,19]

il = —eng( - L4 Ola Y]
T A 7 T
(10)

For an uncoupled oscillator this easily reduces to a well-
known expression [20]

2 7i 2 fi
c—tanh'B l exp| — < (g +¢')*tanh By
T 2 4 2

+ (q-q')zcoth<@)}) (11)

where the parameter

(qlbgla”y =

Mwo
=\ —. 12
c P (12)

Let us now derive a closed form of the matrix elements
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pnm==<n|ﬁslm>=f J dqdq’ ¥,(q)qlpsla") .(q")

(13)

coupled oscillator to confirm its deviation from a (diagonal)
form of the canonical thermal state pg. After making lengthy
calculations, every single step of which is provided in a de-
tail in Appendix A, we arrive at the closed expressions

Pak2is1 = Pars1,20= 0, (14a)
[rg)r{rg)
(—Yﬁ)kH r k+z r l+5
P2k21= C\’m k! T
XzFl(_k’_hl;L) (14b)
27 Ag
ke 3 r(1e2)
2A 4= Y p)*H! 2 2
P2k+12141 = £ £

C\/27T<c}2>BAB k! 1!
241 ] 727AB

in terms of the hypergeometric function ,F,(a,b;c;z) [18].
Here, the four dimensionless quantities

(14¢)

2(p? 1 52
(c2+ <p2>ﬁ)<c +—— ) <2pA>2 —c*
A= h X3p) . P08
A 4¢t TR adtA,
B
(P*)s 1
N TN |7 S
'B— 2C2AB ’ B_ AB '

As shown, the reduced density matrix (p,),, iS symmetric
with respect to (n,m). Subsequently we also find (cf. Appen-
dix A) that for k=1,

(- Y,B)k_l(AB)zl(l - Aﬁ)l

P21 =

NAP A
F(k+l>
2) k! TQL+1) P(k—z,k—n( 1 )
F<l+l> NT(k+1+1) % \’FAB
2
(16a)
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(_ YB)k_I(Aﬁ)ZHI (1 _ AB)I+1/2
VAo

3
r(“ )k' I'(21+2)
( _)l!F(k+l+2)
2

P2k+1,21+1 =

{1+

5 plk=lik= 1)( 1 )

2041 /1_—AB ,

in terms of the Jacobi polynomial [18] and for k<I the ma-
trix elements py; o, and po,q 241 correspond, respectively, to
Egs. (16a) and (16b) with exchange of k and [. These are

easily united into such a single expression that for either
(n even=m even) or (n odd=m odd),

(—Y )n—m/Z(A )m+1/2(\’ _ )m

\/”) (G608 1
( n+lJ
r +
| 2

(16b)

(f)s)nm =

) 3l
12" T(m+1)

X
r( m+ 1 N ) m ![‘<n+m+1>
2 2/ 12 2
1
XPZ;—m/Ln—m/Z)(’—) s (17)
\’I—AB

and for either (n even<<m even) or (n odd<m odd) the
matrix elements (p;),,, are obviously given by Eq. (17) with
exchange of m and n, where [y] represents the greatest inte-
ger less than or equal to y. On the other hand, from Eq.
(14a),

(ﬁs)nm= 0 (18)

where either (n even,m odd) or (n odd,m even). As seen,
the reduced density matrix (p,),,, is, in general, not in diag-
onal form of the canonical thermal state e #10(™*+1/2)/ 7 be-
ing valid for an uncoupled oscillator, where A B e Pho and
A g 0. This confirms that there is not a well-defined local

temperature when one keeps starring at the oscillator 1:15,
hence ignoring that it (strongly) couples to a bath (cf. Sec.
II1, in which, on the other hand, a well-defined effective local
temperature is introduced). We note here, however, that by

using §= \/2 povs (a+a"), p=iV mﬁwo(a —d), and the matrix el-
ements [Eq. (18)] with dln)=\n|n—1) and a'|n)=+\n+1|n
+1), as is the case for an uncoupled oscillator,

. s [ < - e
<Q>,B = Trx(qps) = 2me 2 (\/npn,n—l +\n+ 1pn,n+1) = O
0n=0

(19)

and likewise (p)z=0. Actually, it can straightforwardly be
verified that (4’ >B (pl),g—O with / odd.

Let us consider the probability of finding the nth eigen-
state from the coupled oscillator in p,, which reads as
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(A )n+1/2(V )n

1
\/ @ <p 1P(w/1-Aﬁ> 20

in terms of the Legendre polynomial [18]

[n/2]
PO =~ (- 1)k( )(2”n2")z %

n
2kO

A

P,(z) =

21

Here the normalization 2,p,=1 easily appears with the aid
of Eq. (15) and the relation [18]

- 1
P,(2)h" = ——, 22
Z%) © V1 —2zh+h? (22)

where z:ﬁ and h:AB\e“'l —Ag. Then the internal energy
of the coupled oscillator is

- (P Moy,
_ _,[_% 7%
U,=(H)p= E wEn= —XPg  (23)

A comment deserves here. In [10] and then [21], each of
diagonal elements W, was obtained in terms of the Legendre
polynomial P, like in Eq. (20). On the other hand, the closed
expression for off-diagonal elements (p,),,, in Egs. (17) and
(18) has not been known, while by means of the numerical
integration of Eq. (13) the off-diagonal elements |(p),]
have been obtained for m,n =10 in [21]. We will next con-
sider the eigenvalues and eigenstates of the reduced density
operator p,.

III. EIGENVALUE PROBLEM FOR THE OSCILLATOR
DENSITY OPERATOR

The eigenvalue problem to be solved reads as

EV,:= J dq'{qlp)a" bu(a)2pad () (24)

where the matrix element (g|p,|g’) is given in (10), and the
eigenvalue p, is the probability of finding the nth eigenstate
of the coupled oscillator. Following the idea used in [22], we
put an ansatz

c _
bulg) = \| == TPCH,(Eq") (25)
2" N

[cf. Eq. (A1)] into the integral in Eq. (24), which will yield

/ c 1
2" "\ Naw N
& (% (@
Xexp(— —+ = AZB - ~2B q* (D).

(26)

Here r7=\fx+52<q”2>ﬁ+vz with v—-\(c}2>ﬁ(p ). and
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(I) — J‘x dq"fe—(fi' —)')an(sq’) (27)

-0

where the dimensionless quantities

~ ,<A2> 1 ~
~r _ v . _ VP @( ) . _ E A2
=—=—q'; y= “lv-—]q; s==-V2(q)p
V27 g V245 4v 0 P

(28)

The integral in Eq. (27) can be evaluated in closed form of
[23]

(1) = (1 - s2)n/2H,,< %) (29)
V1=

For ¢,(g) to be an eigenstate of the operator p,, from Egs.
(24)—(26) with Eq. (29) we need to require the argument of

the Hermite polynomial, —]L (v? —4)(v\y -28%g%p)"eq
to equal cg, which immediately gives
A2 1/4
~_< (P ) (30)
=132 2
h¥q >ﬁ

and subsequently the probability for the nth eigenstate ¢, (q)
as

1 n
b
1 2
=—) —1. 31
P 0 0 (31)
v+ \ v+
2 2

As a result, we obtained the eigenvalues p, and the eigen-
states ¢,(q) in closed form.

From comparison between Egs. (12) and (30), we intro-
duce an effective mass Mg and an effective frequency wegy,
which satisfy the relationship

NN
M qg050= NP g{G7) - (32)

For an uncoupled oscillator, this obviously reduces to
(P 1 (¢*) g=(Mwy)*. For a later purpose, it is useful to note
that either Mg or we is not yet determined. The probability
in Eq. (31) can then be rewritten as p,=(1-£g)(£p)" in terms
of {g=(v— -)/(v+ )=e Petth@ett with an effective temperature

In &

Beir=— _ﬁ, (33)
oe
and subsequently as
1 —Bopih wepr(nt+1/2)
Dy = = Pettfteft (34)
Zes
in terms of an effective partition function Z;

=3 e Peteri(n+112) = Lesch (B e/ 2)} /2. Therefore — the
density operator p, of the coupled oscillator is equivalent to

that () of an uncoupled linear oscillator
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Keti )

=— 35
My 2 (35)

at temperature T.=1/(kpB.) such that p,=e Peiitlett/7Z ..
Here the spring constant keff=Meffw§ff. Needless to say, the
temperature To— T if the coupling constants ¢;—0 in Eq.
(2). With the aid of Egs. (32) and (33) we can easily confirm

that

f
( é2>ﬁ - th( Bt weff) :
2M cirwesp 2
Moo F 0
()= eft2 ey th( Befrzweft> ’ (36)

which can subsequently be used for the internal energy

fiwesr Bt wege
coth

Uer= <I:Ieff>ﬁ = = e \(P) (47
(37)

(note again, though, that since wgg is not yet determined,
U+ # U,). Further, choosing the effective frequency

o L (B My [0

T NG 2 V()

from Eq. (32), we then have Uj=U,. Accordingly, M7
=(p*)p/ U and

(38)

2
* l(k0+ Lﬁ—) (39)

k=
T2 Mg,

Here kg is the spring constant of the uncoupled oscillator I:IS.
All effective parameters are now uniquely determined in
terms of the starred quantities, namely, M, k., the effec-
tive temperature To=—hwy/ (kg In £5), and the internal en-
ergy Uly=(Hlpp (=U,) where Hiy=p*/(2My)+ (ki 2)4>
(cf. note, on the other hand, that clearly p;=per=pyp). With
the aid of Eq. (6) and (7), Fig. 1 demonstrates that k= k,
which leads to M=M from M ukl=(p*) s/ (§*) 5. We will
use the effective oscillator with (Mg, ki, Thp) in Sec. IV for
a generalization of the Clausius inequality.

Let us consider the thermal entropy of the effective un-

coupled oscillator He (of course, Hyy, too, as its special
case), which is

Sert(=Susp) = kg In Zegy + kpBertUesr
:—kB{ln(l—§B)+l—§'B?1n 5,5} (40)
—sB

We can immediately verify that this is identical to the von-
Neumann entropy of the coupled oscillator,

[z i)l ufo-3)
Sy=kg v+5 In v+£ — kg U—E In U_E (41)

(note again that p;=p.s=pu). From Fig. 2, it is shown that
Sy increases with the magnitude of the damping parameter
and also with the temperature of the total system.
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0.0 T T

FIG. 1. (Color online) y=ko/kiz=2/(1+(Q+y){(p%) 4/
{Q(Mw0)2(é2>ﬁ}) versus x=kgT/hiw, (dimensionless temperature),
where wj, is the renormalized eigen frequency of the oscillator I:IS
[cf. Eq. (9)]; for kly refer to Eq. (39). From bottom to top, (blue
solid: damping parameter =10, overdamped), (black dash: y=4,
overdamped), (green solid: y=3/2, underdamped) and (red dash:
¥=1/2, underdamped). We have y=1 so that M/M}=1/(2-y)
=1. Here i=kp=wy=Q=M=1.

Now we briefly comment on the introduction of effective
parameters: First, it has been shown in [22] that the coupled
oscillator with (M, w,) at zero temperature of the total sys-
tem (7=0) can be interpreted as an uncoupled one with
(M, @) in a thermal state with a finite effective temperature
Ty (with B=), where @y=\(p>)../{G>)../M. Using the
very same technique, we have generalized this result into
(M g, wegg, Toge) in Egs. (32) and (33) for an arbitrary tem-
perature of the total system. It is interesting to note here that
Uge# U(B=2)  though,  where  Ugy={(p*)/(2M)
+{M(.51)?/ 2HG%)-. Second, it is also known [16,24] that the
coupled oscillator can exactly be seen as an uncoupled oscil-
lator with an effective frequency

X

FIG. 2. (Color online) y=Sy (von-Neumann entropy) versus x
=kgT/hw, (dimensionless temperature); for Sy refer to Eq. (41).
From top to bottom, (blue solid: y=10), (black dash: y=4), (green
solid: y=3/2) and (red dash: y=1/2). As 7y decreases, then Sy
decreases. Here i=kz=wy=Q=1.
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2 2 ro o
Defr = %arccoth( 2 <42>ﬁ<132>,8> (42)

and an effective mass A7Ieff: \V(p*)/{G*) g/ @esr in the canoni-
cal thermal state p,=ePs/Z (i.e., Tz=T), which can be
well understood simply as a special case of (Mg, Weses Tegr)
in Egs. (32) and (33) (note again that these are not the starred
quantities). However, ﬁefﬁ& U,, either, whereas U =U; in-
troduced below Eq. (38).

It is also interesting to compare the internal energy Ul of

€
the coupled oscillator with an alternative definition

[7-9,25-27]

U=— Zgln Zg, (43)

where the partition function Zg=Tr e #/Tr, P+, Here,
Tr;, denotes the partial trace for the bath alone (in the ab-
sence of a coupling between system and bath, the function
Zg would exactly correspond to the partition function of the
system only). Then it immediately follows that U= U
+<ﬁb>/3f<l:lxb>ﬁ—<1:1h>ﬁ' # U, where <I:]b>ﬁ/:Trh(l:Ibe_BHb/
Tr, e PHb). Therefore the energy U is not valid for the re-
duced system alone. The entropy S=k(In Z5—B7; 9B Z1n Zp)
can also be introduced here [26,27], which is, however dif-
ferent from the von-Neumann entropy Sy (=Sk;) for the re-
duced density matrix p, of the coupled oscillator. Actually,
the entropy S cannot be derived from the Jaynes maximum
entropy principle [28,29] applied for the reduced system
whereas the entropy S’ can be so with the effective tempera-
ture T As a result, all thermodynamic quantities resulting
from the partition function Zz are not appropriate for the
well-defined /ocal thermodynamics of the reduced system.

IV. CLAUSIUS INEQUALITIES

We will discuss the second law of thermodynamics in
terms of the Clausius inequality. To do so, we need the rela-
tionship obtained from Eq. (23),

dU,= 2, (E,dp, + p,dE,) (44)

where SE,dp,=Tr,(H.dp,) =5Q, corresponds to an amount
of heat added to the coupled oscillator, and Zp,dE,

=Tr,(p,dH,)= W, an amount of work on the oscillator [4].
For a later purpose, we first consider the well-defined Clau-
sius inequality for a weakly coupled oscillator

50, = Tds. (45)

For a typical reversible process we have either a variation of
the mass of the oscillator or a variation of its spring constant
in such a way that

d

7 ~2 2
Q 2M&M<p >B+ 5 aM<q ) g (46)
2 2
='8(th) (cschﬁﬁ%) =TiS, (47)
8M 2 oM
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)+ (G g 48
akOQ 2Mak0<p ot 2 kg T (“48)
i hog\2
=—ﬁ—<cschM) =T—2S§, (49)

8sM 2 kg

respectively (cf. it is also noted that W,/IM=
—(ﬁ2>ﬁ/ (2M?) and 0Ws/z9k0=<c}2>ﬁ/2). We thus confirm the
equality sign in Eq. (45).

Next we consider the Clausius inequality in the process of
coupling between oscillator and bath. The coupling process
can be represented in terms of a variation of the damping
parameter such that for a reversible process,

J Jd 1 k
A2 0 2
—Q,=—U,=—""— 50
0= U= Yy (S0
1
-
J Jdv v 2
—S=ky| — |In (51)
dy ay 1
)
where S=Sy and
av <6}2>5 <ﬁ2>ﬁ+<ﬁ2>ﬁ @2)5
— (52)
oy 2k YRy

Equation (50) can be evaluated in closed form with the aid of
Eqgs. (6)—(9) such that

—< P = —E K (53)

3
i<ﬁ2>'(g) - _ ME ( (d) 2 W + 2w )\(1)
dy =1 W)

o[ Bho\ | dw
' ;‘”(?)} ay)’ >4

where dw,/dy=0 and

dwy | 1
(9’)/ _2 | <2W0>2 ’

Y
Jw 1 1
=y (55)
dy 2

and
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0.7

0.6A\
0'5)
0.4 1
0.3 1
0.2 7

0.1

0.0 T 7
0 1 2 3

FIG. 3. (Color online) y=10-(dQ,/dy—TdSy/ dy)/h (dimen-
sionless) versus x=kgT/fiw, (dimensionless temperature); for y re-
fer to Egs. (50) and (51). From bottom to top (at 7=0), (blue solid:
y=10), (black dash: y=4), (green solid: y=3/2) and (red dash: y
=1/2). Here h=kg=wy=Q=M=1.

(d) _ 1 +ﬁ¢<@) M
a

2m dy
1 K2 o Jw
+ )\g) -—+ _ﬁl/j(l) Q 7 (56)
Bw] 27 2 )| gy

in terms of the digamma function ¢/(y) and the trigamma
function /V(y)=d? In T'(y)/dy* [18]. Here we obtained Eqs.
(53) and (54) for the overdamped case (y/2>w,), which is,
still, found to hold for the underdamped case (y/2=w,) as
well, being expressed in terms of the functions with
complex-valued arguments. Then we get a violation of the
Clausius inequality, dQ,/dy>TdSy/dy as seen from Fig. 3.

We, however, argue that this violation results from an
inappropriate choice of temperature 7 being defined for the
total system. We now propose a well-defined form of the
Clausius inequality pertaining to the coupling process in
such a way that

6Q% = TepdSy (57)

where 6Q; is the heat exchanged between the effective
(weakly coupled) oscillator with (M, k%) in Eq. (39) and a
bath at the equilibrium temperature Tju=—hwl/ (kg In £p)
with Eq. (38). For an reversible process we then have

J . R k;
— Q= <2>3 Eff

~2
: 58
Jy 2Meffa 2 Jy 9y 178 (58)

which can be shown to be identical to T;dSy/dy with the
aid of Egs. (51) and (52). Therefore, there is no violation of
the Clausius inequality! From Ul;=U,, we note that

JdU=[1dU=Uy(y)-Uy=AU, in which U,
—(ﬁwo/ 2)coth(Bhw,/2) for an uncoupled oscillator, and
$dU,=$dU%;=0, where $=[+[ (; represents a cyclic pro-
cess of the coupling and decoupling From the first law
dU,=8Q,+ W= 6Q%u+ Wy with W,/ dy=0 and thus
&(Qeff Q,)/ dy=—3Wy/ 3, it also follows that
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0.0

-1.0+

FIG. 4. (Color online) y=100-(dW}/dy)/f (dimensionless)
versus x=kpT/fhiw, (dimensionless temperature); for y refer to Eq.
(59). From top to bottom (at 7=0.5), (blue dash: y=10), (red solid:
v=1/2), (black dash: y=4) and (green solid: y=3/2). Here h=kp

=wy=0Q=M=1.

Jd J .
ggs—a eff = eff SN (59)

where, with the aid of (39),

. . 1 [oMZ) . e\
—Wip=— (—e“)< Dp+ ( e“)<q2>ﬂ
ay 2M e\ dy 2

1 (1 Mg >§) ai =y
Y

Tam\ T (P,
k() <p2> ) A2
! (1 - Mki(G*)p 37< Do (€0

Figure 4 shows that W,/ dy=0, which immediately leads
to no violation of the inequality dQ,/dy=Tr;dSy/ dy. Here
it should be noted that we have appropriately selected the

effective oscillator HY; with (M, ) from Eq. (32) to in-
troduce an effective temperature T without any ambiguity,
which is now a critical element for the well-defined Clausius
inequality in Eq. (57).

Therefore, we are now in a position to understand, by
means of Clausius inequality (57), the validity of the second
law in a cyclic process of the coupling and decoupling be-
tween oscillator and bath at an equilibrium temperature 7.
The validity has actually been shown for zero temperature
(T=0) in [7,8] and later for an arbitrary temperature in [9] by
verifying the second law in its Kelvin-Planck form [6]; it
states that the minimum work AF needed to couple the os-
cillator to a bath (in a reversible process), being equivalent to
the Helmholtz free energy of the coupled total system minus
the free energy of the uncoupled total system, cannot be less
than the maximum useful work obtainable from the oscillator
when it decouples from the bath such that

AU, S AF 61)

(note the strict inequality and see below). Here we have on
the left-hand side the internal energy AU, as the maximum

011101-7



ILKI KIM AND GUNTER MAHLER

useful work obtainable from the oscillator on completion of
the decoupling process.

For the coupling-decoupling process (with a varying
damping parameter y':0— y—0), inequality (57) can be
transformed to $8Q%;/ Tory=0, which means, according to
the Kelvin-Planck form, that the net work obtainable from
the effective uncoupled oscillator (with an accordingly vary-
ing parameter ') on completion of this cyclic process can-
not be greater than zero. For a reversible process, this in-
equality then reduces to

7d7 J 0d'y’ J
* *
—Q +f ———Q%=0, 62
T*eft (7 r =eff » Teff 07')/ eff ( )

which means that the minimum work (AU,) done onto the
oscillator for Uy— Uy, on completion of the coupling ex-
actly equals the maximum useful work releasable from the
oscillator on completion of the decoupling. For comparison,
on the other hand, the free energy AF is, by definition, the
minimum work done on both oscillator and bath so that we
get the inequality in Eq. (61). Anyhow, the second law holds
in the coupling-decoupling process.

Now we consider the Clausius inequality (with a fixed
coupling strength) after completion of the coupling, which
has been discussed so far, e.g., in [4,5,12]. Note that we are
now with the effective oscillator with (M, k) at tempera-
ture T We can then show that for a reversible process,

d 1 ki 0
L A* Y a2 Reff @ A2
ong e = 2M% aM<p aearviCRl
fi In 2
= &H(—ln §B> (csch—gé)
4 2
L 0
= TeffWSN’ (63)
Jd Jd
—  O* = — 2 eff A2
dk, Qetr= 34 ffako@ b8t ok, AR
hw’; In 2
= wS“( —In §ﬁ><csch—§é>
4 \dk, 2
J
:T;ffa_kOSN’ (64)

which follow from Egs. (33), (36), (38), and (39), respec-
tively. Therefore, there is no violation of the Clausius in-
equality at all! Note here as well that from the first law
dU,=8Q+ W= 6Q;+ Wy, the effective work is also
well defined such as

aM,kOW;ff= —— (y ko eff)(l’2>,3+ ((91\/1 ko eff)<q >B’

2 eff
(65)

the closed form of which can immediately be obtained with
the aid of M;=(p*)s/ U, and Eq. (39).
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For comparison, we next seek to have Egs. (46) and (48)
in closed form in the Drude damping model. After making
some lengthy calculations (cf. Appendix B), we then obtain
the expressions

= <é2><d>+ﬁg KO (6)
3
<A2> <ﬁ2> ME(MK‘” !

where

+2w17\(1){ﬁL 7_T ﬁﬁwl>}ﬁw1) ( 7)

K(d) = — 4 El// ﬁhwl )\(l)
M*™ 1 IBwl -

,Bﬁwl w
P/} S D 29 (68
| B 2ﬂ2¢ om ) (o ©®
and
9y an(d) _ K(d) 69
ak0< qs M,z:"‘o , (69)

) 1
P =M (kOKEd)ﬂz+ Zﬂ)\g){ﬂ_

w;

ho [ Bho) | 0o
+7_r"/’( 2 )}ak)’ (70)

where kOK}d) is defined as Eq. (68) but with the replacement
of d/dM by 3/ ok,. Equations (66) and (67) [as well as Egs.
(69) and (70)] hold for both overdamped and underdamped
cases. To discuss the second law, we now consider an equal-
ity similar to Eq. (59) in form of

J . 0
ﬁ_MQX ( -Wy = Teff(g_MSN7 (71)
J J J
-— Y——W* -W,) =Tr—Sn, 72
ako Q (9ko( eff .Y) eff &ko N ( )

obtained with the aid of the first law. Here dW,/dM=
(PP g/ (2M?) and W,/ dkg=(§*) 5/ 2, whereas IV / dy for
Eq. (59) vanishes. Actually we have here ﬁMk( = W)
=0, which follows from JQ/dM= T:ff&SN/ oM and
39,/ dko= TodSy/ dko, demonstrated in Figs. 5 and 6, re-
spectively [where Egs. (66)—(70) were used]. This can be
interpreted as follows. To define a well-defined (effective)
local temperature of the oscillator, we need to “project” the
coupled oscillator onto the effective oscillator. In doing so, it
is required here to do additional work (W.;—W,) onto the
oscillator, whereas in the coupling process we need to release
the work W from the oscillator. Without considering this
work compensation we would consequently get a violation
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0.2 1

0.1+

0.0

FIG. 5. (Color online) y=(3Q,/dM—T,dSy/ M)/ (fiwg/ M)
(dimensionless) versus x=kgT/hw, (dimensionless temperature);
for y refer to Eq. (71). From top to bottom, (blue solid: y=10),
(black dash: y=4), (green solid: y=3/2) and (red dash: y=1/2). As
7y decreases, then y decreases. Here i=kz=wy=Q=M=1.

of the Clausius inequality. It is also interesting to rewrite Eq.
(71) as

17 d
WQ5=T—SN+Y (73)

oM

in terms of the temperature T of the tofal system, where Y
=(Tty—T) ISy IM +d(W—W,)/ IM. Figure 7 shows that
dQ,/ oM >T3Sy/ oM, which has been used in [12] for the
justification of a violation of the Clausius inequality (note
also the strict inequality even for a reversible process). How-
ever, we understand now that this simply represents the ne-
glect of the additional term Y >0 rather than a violation
proper. As a result, we have a generalized form of the Clau-
sius inequality, $5O%;/ To=0 where § represents a cyclic
process with respect to any variation of (M ,k,7y). For the
relevant comment on effective thermodynamic relations, see
Appendix C.

V. CONCLUSION

In conclusion, we have found a well defined effective
Clausius inequality appropriate for the quantum Brownian
oscillator with any coupling strength. It satisfies the equality
condition for a reversible process. We have clearly shown
that there is no violation of the inequality so that the second
law of thermodynamics is robust even beyond the weak-
coupling limit. In doing so, we have used the effective inter-

nal energy U;ff=<I:I;ff> > being identical to the internal energy

US:<I:IS)B, whereas the approach of apparently many other
works has been based on a different energy U/ defined in Eq.
(43) and discussed thereafter.

We believe that this inequality will provide a useful start-
ing point for a consistent generalization of thermodynamics
and information theory into the quantum and nanosystem
regime, respectively. As an example, a generalization of the
Landauer principle [30,31] is in consideration, which can be
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2.0
1.5
y 1.0
0.5 /‘“\\\\
T
0.0 ———————
0 1 2 3

FIG. 6. (Color online) y=(9Q,/dkg—Trg;dSy/ ko) (i) (MWy))
(dimensionless) versus x=kgT/fiw, (dimensionless temperature);
for y refer to Eq. (72). From top to bottom, (blue solid: y=10),
(black dash: y=4), (green solid: y=3/2) and (red dash: y=1/2). As

v decreases, then y decreases. Here fi=kg=wo=Q=M=1.

understood as a simple logical consequence of the Clausius
inequality; our findings then suggest an existence of an ef-
fective Landauer principle yet to be introduced rigorously
[32] which is correct even in the strong-coupling limit,
whereas based on the violation of the Clausius inequality
considered in [4,5] as stated in Sec. I, it was concluded in
[21] that the original form of Landauer principle may not be
applicable in the strong-coupling limit.
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FIG. 7. (Color online) y=(dQ,/IM—T3ISy/ M)/ (hwy/ M) (di-
mensionless) versus x=kzT/fiw, (dimensionless temperature); for y
refer to Eq. (73). From top to bottom, (blue solid: y=10), (black
dash: y=4), (green solid: y=3/2) and (red dash: y=1/2). As vy
decreases, then y decreases. Here i=kz=wy=Q=M=1.
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APPENDIX A: DERIVATION OF Egs. (14a)—-(14c), (16a), and
(16b)

Substituting into Eq. (13) the eigenfunction

¥(q) = \/T DY (cq) (A1)

in terms of the Hermite polynomial H, where v=n,m, then
we immediately obtain

11
(A A
V2"t e \2(2)

Pnm =

X f f dydy'H,(y)H,(y")

o LPY 1 ,
Xexp{—aﬂ(y2+y 2)+?(?§—m yy
B

(A2)

2( s +(Z—2>‘% The sub-

where y=cq and y’'=cq’, and aﬁ=%+
stitution of the relations [18]

H — i ! 2yt—12
n(y)_ ot e |t=0

(A3a)

(A3b)

' g \" Zy’v—vz
Hm(y )=\ e |s:0
Js

into Eq. (A2) subsequently allows us to have

1 11 ( d )( 3 )m
Pnm = "] tm - [~/ A Y Y
2"\ m e \r2<q2>ﬁ Jat as

X (s f J dydy olapy=21) —{a;;y’2+2bﬁ(y)>}|

—ooJ —

(A4)

where bg(y)=5 ( _& >B) s. By using the identity [18]

4<q2>

o]
2 T 2
f dze (az"+2bz) _ \/ij la
— a

we can first carry out the integration over y’ in (A4) and then
over y, which will give rise to

(A5)

{H21+1 (M)}(r)|u:0 = {0

p+1) !5, hyp for r=2p+1 odd, where p=1I
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1 1 1 ( 9 )( F )m
pnm: [ - — _
2" Y m) ¢ \/2<éz>ﬁAB Jt ds

2, .2 .
Xe—YB(t +5 )+2Aﬁté|t,s=0

T 1 (s
SN2 m ¢ \’/2@2)#\3 du

_A’BM Hm(”)|u =0

(A6)

in terms of A, Yﬁ’ A, and Agin Eq. (15). Here we used Eq.

(A3b), and u= —f— From the Heisenberg uncertainty relation

with (§)z= (p)ﬁ—O [cf. Eq. (19)], it follows that 1>Ag=0.
For a later purpose it is useful to confirm that for an un-
coupled oscillator, YﬁzAﬁzo and Aﬁze‘Bh“’O.

To arrive at a closed form for p,,,, we consider the ex-
pression in Eq. (A6),

a\" 2

E = — _AﬁuH N

nm=— ((9“) e m(u)|u—0
—2 ( ) &8 I H,, ()} (A7)

u=0
where ()= - r),r,, and( N =(£ ‘7)’(“-). The Hermite poly-
nomial H,,(u)=,h,u"+,h, u™ Q+--- can be expressed as
[18]

Hou) = (1)1(2” 1(—1;%;u2) (ASa)

2-20+1)! 3
Hypy(u) = (- l)l—( N ) M1F1(—l§§;uz> (A8D)
in terms of the confluent hypergeometric function
Filashio)= O3S RS with =0, k=0,1,2,--
Then it immediately follows that
{Hy ()} 1z
(2p) ! yhy, for r=2p even, where p =1
0 otherwise
(A9)
and from Eq. (A8a),
— 20 (2p)! (-1
{H ()} ] g = (= 1)1( : (;) : )pl
" Tip+=
(p 2)
(A10)

where the Pochhammer symbol (z)k—lr%2

can also find that

Similarly, we

. (A11)
otherwise
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and from Eq. (A8Db),

, — QI+ 2p+1)! (=)
{Hyp1 ()} oo = (= 1) : 5
p! F(p + 5)
(A12)
Also, in Eq. (A7) we have
-Ap)1(2qg)!
A (1 ( )"(29) for n—r=2q even
(6 Bl )(n r)|u=0: q|
0 otherwise.
(A13)
With the aid of Egs. (A9)-(A13), Eq. (A7) reduces to
no12p=0, (A14)
- V(= )2k 1 21) 1 (Ap*
n2l=p 11T(-1)
—1\»
¢ I'(-1+p) Ay
x> P sl (A15)

1 !
poF( +p)F(k p+1) P

—(- 1)k”(2k) 0! (A,;)SF( - z;%;f) (A16)
B

for n=2k even, and similarly

B =0, (A17)
— Qk+ 1)L+ 1)!
narnEp=2(= 1D k! I
X (A )k F( k zé-i) (A18)
B 2401 ] ’Z’AB )
for n=2k+1 odd. In Eq. (A15) we used the identity
1 - 1)T(-k+
DTk
I'k-p+1) T(k+DI(-k)
to get the hypergeometric function ,F(a,b;c;2)

(F)(")( )Ew F(a+k)£,(f;+k),‘c, in Eq. (A16). From Egs. (A6),

(A7) and (A14) (A18) with the relation [18]
| P 1

revy=—==2"Twr|\v+ - (A20)

N 2

where v=k, 1, we finally get Egs. (14a)—(14c). We will below

simplify the closed forms in Eqgs. (14b) and (14c), respec-

tively,

Now we use the relation [18]

, n+p\f1l+z\" z-1
e | B .

(A21)

to express the matrix elements (p),,, in terms of the Jacobi
polynomial [18]
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P(/J- V)(Z) _ ?2 (”;M)(n )(Z— 1)~ k(Z+ 1)k
k=0

(A22)

where w,v>-1. Equation (A21) allows us to have
<I)I‘(l 1)
- +
2 ( 2
1
F<l+ —)
2

l1+v

11 ! (=1/2,k=1)
oFi| k=l 5,)" P, ()

(A23a)

3
F<5>F(l+ 1) )\
( ) PE”Z’k—Z)(U)

1
F<l+ i) v
2
(A23b)

for k=1 where v= 1—— Further, we find that [33]

rCn+v+1HI'(n+ 1)

-1/2, V)(l 2)
I'n+v+1)I'2n+1) "

PU(z) = (= 1)"

(A24a)

Iren+v+2)l'(n+ 1)
I'n+v+1)I'Q2n+ 2)

PYii@) = (= 1) PII(1 =22,

(A24b)

which can be verified, respectively, by using Eq. (A22) and
then comparing each coefficient of z¥ on both sides. Note
here that P{"(z)=P{""(~z) and P{")(z)=—P"")(~z). With
the aid of Eqgs. (A23a), (A23b), (A24a), and (A24b), Egs.
(14b) and (14c¢) can then be transformed into Egs. (16a) and
(16b), respectively.

APPENDIX B: DERIVATION OF EQS. (66)-(70)
Using the relations in Eq. (9) with dw,/IM=-wy/ (2M)

we can easily obtain
oM~ Q+ yM{Q(y- Q) -wg}’ oM~ oM’

% _ Woﬂ(wg + QZ - '}’2)
IM " 2M(Q+ PIQ(y- Q) - wi}

(B1)
From dw/ dkg=—(dwy/ IM)/ w3, it immediately follows as
well that

o"Q 1
f?ko (Wo)2

Q+yod oy 00
QO oM’ oky kg

wo__ 1 O+yiw
ﬁko - (W0)2 Q oM '

We also have dw, /oM =00/ M and

(B2)
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doy 0w tf 1 \oo
oM~ ( y )2 l(?M 2 | (2w0>2 oM
2WO B - Y

(B3)
Jwy 1 aw, L[ 1 a0
—_——_—_ Y _ — + —,
oM ( y )2 oM 2 (2w0>2 oM
2W0 Y
(B4)
and from Eq. (8),
9) ow
20y - Y+ Q%+ W) — + 2ywy—
a)\gl)_( Y- 0)&M WO&M'
oM (Q-2)%(Q-z2,)? ’
Ny
oM

7

Q) 0z
(Z3-2; M +(Q+2)Q2z -2 — Q)H/l[-" Q=23 P,

(2= Q)2(21 - Zz)z
(B5)

and AN/ 9M — NP/ oM with (z,+z,). Then we finally ar-
rive at the expressions in Egs. (66) and (67), respectively.
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With the replacement of d/dM in Eqs. (B3)—(B5) by d/ dk,
we can also have Egs. (69) and (70).

APPENDIX C: COMMENT ON EFFECTIVE
THERMODYNAMIC RELATIONS

In ordinary thermodynamics, the notion of temperature 7'
appears conceptually as a partial derivative of internal energy
U with respect to entropy S such that T=dU/dS. This also
holds for the effective temperature T: Combining the first
law dU,=6Q%;+ Wy, with the second law Q7= TrydSy
for a reversible process, we have

U,
Tgff:( S ) '
d N (?W:ff:()

It is also interesting to note that Eq. (37) can be recovered by
the relation

(C1)

1%
Us=Uge=~—In Zg, (C2)
eff
which is well defined in terms of a generating function
J * J Al (n+1/2)
——In Z; = —In, e e |A=B*ff‘ (C3)

(?ﬂ:ff JA n

From Eq. (40) it then follows as well that the effective free
energy Flu=U—To;Sy, where Fl=—kpTh In Z}.
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